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6.11 TRANSFORMATION OF VARIABLES = 149

6.10 THE USE OF THERMODYNAM]IC TABLES

In making any practical use of thermodynamics one must refer to standard com-r
pilations of physical properties, such as the Handbook of Chemistry and Physics,
‘to obtain the essential thermodynamic functions for any particular substance. In

most cases, the physical properties are tabulated as functions of temperature and

pressure, for the simple reason that, experimentally, those are usually the variables
_that are easiest to accurately control. Not every conceivable physical property is

tabulated. For a given substance, one can typically find the molar entropy and the

molar volume as functions of p and T. Also commonly available are the constant
pressure molar heat capacity,

%= (3),

the temperaturé coefficient of expahsion,

_T(%); o >(6‘.62)>

' _ 1%
L Bp=V (6‘T) (6.63)
and the isothermal compressibilify,
| ey o
_ _y1 (Y . 6.64
T v (6p)T ’ ( v)

The five quantities 5, V, Cyp, Bp, and nTv are equivalent to the set of first and sec- _

ond derivatives of the molar Gibbs free energy. In particular, § = —(8G/0T),V =
(86G/0p), Cp = —T(82G/3T2) B = (8%G/8T 8p)/V, and k= —(8%*G/8p%)/V,

as can be verified from Eq. (6.57). Therefore, in terms of these five quantities, it
should be possible to express any quantity that involves first and second deriva-
tives. of any thermodynamic potentials as a function of p-and T'. This is enough to
evaluate almost any quantity that is likely to appea,r in a normal thermodynamic

analysis.

’ | The ENTRLPY
6.11 TRANSFORMATION OF VARIABLES
The thermodynamlc space of a simple substance is three dimensional. However,
when we fix the particle number at one mole, as we have, the set. of possible
equilibrium states becomes two dimensional. That means that fixing the values of
any two independent thermodynamic parameters is enough to define the state of the
substance and hence to determine the values of all other thermodynamic variables.
It is not uncommon, in-practical calculations, for very strange combinations of
variables to appear naturally. For example, in certain processes one can show
that the enthalpy H remains constant (see Problem 6.12). Determining how the
temperature varies with the pressure in such a process requires that one calculate
. the partial derivative (8T/0p) g, which is just the partial dérivative of the functlon
T(p, H). It is therefore important that one be able to convert almost any conceivable
combination of partial derivatives of thermodynamic variables to some standard
form in which they may be evaluated. In this section a systematic procedure will be
given to convert any expression involving partial derivatives of the thermodynamic
Quantities p, T, S, V, E, F, H, G, and y into an expression involving only p and
T and the five “handbook variables,” S, V, Cp, B, and xr. This is equivalent to
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150  APPLICATIONS OF THERMODYNAMICS

‘evaluating an arbitrary partial derivative in the p-T repreqenta,tio._ The procedure -
makes use of the three types of mformatlon listed here.

1. Differential relations
. dE =TdS —pdV

dF = -8dT —pdV
dH =TdS+Vdp
dG=—-8dT +Vdp

(6.65)

Of these, only the first needs to be memorized; the others are obtained by Legendre
transformations, which give predictable sign changes in the terms. :
2. Definitions of Cj, By, and £r -

CP_=T(S%),, | | |
(@, e
sr =V (5), |

In the formula for 3, one of the Maxwell relations has been used : ,
3. Partial derivative identities Given any set of variables z, y, z, and w that have
the property that the values of any two of the variables determme those of the

~others, then -
(a—"’") 21 (6.67)

g
0

(@)f_ o (6.68)
e (5),

and P | -
@8 e

),

The first 1dent1ty follows from the fact that, once the value of z has been
. fixed,  becomes a function of y and vice versa. But, for functlons of one variable,
dx/dy = (dy/dz)~*.

The second identity can be derlved from the differential relation

dz=(g;)d+(g;) N

- If we set dz equa,l ‘to zero, then the ratio of dx to 'dy is just (8z /83/) This gives

®.®.

which is equivalent to the desired identity.

4“(%>z=0,, o (6.71)
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The third identity can be derived by considering two neighboring points that
have the same values of z. The_chan’ges in z, y, and w are related by
oz » oy - 0z dz
- @) v (@ e ()%
427 (Bw)z w, dy ~ \dw zdw By Ty
from which the 1dent1ty follows immediately.
Our task is now to convert any partial derivative expression, such as (8p/80)m

or (85/0V)p, into an expression involving p, T', S, V, and derivatives of the form

,(8(5 orV)

O(porT) )(T or py (673)

which can all be Writtén in terms of handbook quantities. We will do this in two

stages. Ca,lling p, T, S, and V the good variables and E, F, H, G, and p the bad

variables, we will first eliminate all bad variables in favor of good variables. Then
we will transforin any resulting partial derivatives, which will only involve good
variables, to the specific form shown in Eq. (6.73).

In eliminating the bad variables, the chemical potentlal pisa spec1al case. It is
eliminated by using the fact that (see Problem 6.10) the chemical potential of any
substance is always equal to the molar Gibbs free energy. Thus g is simply replaced
by G. We now introduce the convention that ¢ and b denote good variables, o

“denotes a bad variable, and z, y,.and z may be either good or bad.

To transform a term of the form (8a/8z)y, one uses the corresponding differ-
ential relation. For example, the relation, dH = T'dS + V dp gives -

G- @, @, e

Notice that this will never 1ntroduce any new bad variables,

To eliminate a term of the form (8a/Bc)z, one uses the first pa.rtlal derivative -

identity. . v 7 v .

Oa . ' , ’
(%)’:ﬁ . (BT5)

8a/z

followed by the appropriate differential relation to eliminate a. These two proce-
‘dures will eliminate bad variables as either numerators or denominators in partial -

derivative expressions. The only remaining possibilities are expressions of the form
(0a/8b),. These are converted by the second partial derivative identity.

day . a .
(@_)az_@ | . (676)

'(6.’.72) |
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“With these procedures we can reduc\, any partial derivative to ones conbainin g
only p, T, S, and V. If these are not in the desired form, shown in Eq. (6.73), then

they can be converted to that form as follows.
For an expression of the form

BporT): .
—_ - (6.7
(8(5’ or V))(T or p) ( 7)
we use the first partial derivative identity.

For an expression of the form

( a(p or T (6.78)

B(T or p)) (s or V)

we use the second partial denvatwe 1dent1ty The remaining poss1b111t1es are ex-
pressions of the form
(3(8 orV) (8(5’ or V))

d(V or S)/(por T

d(porT) )(V or .S)

The first of these is converted to the standard form by the procedure illustrated.

(&), =2 _s5eZe) () «(GF),(5),

~ which reduces it to the immediately previous case. The second case requires the

third partial derivative identity.

8. 12 A FORMULA FOR C, - C,

-An important example of the foregomg type of analysis is the following denvatlon. :
"of a formula for-the difference between the constant pressure a.nd constant volume

molar specific heats The definition of Cy is

_ Co= (gg) 8T /v

 @§_Mmm_ammmﬂ)
8T)v -

= (52, * (5)e(58)

Using the facts that
’ T(ﬁ) =C,, ‘ ' (6.84)

8T/ p

(6.79) .

(6:81)

—T(ﬁ) - o (6.82)

oT oT (6.83) -




472 SUPPLEMENT TO CHAPTER 6

Table $6.2- The Brideeman transformation table®

(0T )p —(8p)T S — 1
(OV)p —(6p)v — VB
(08)p —(6p)s — . OT , .
(8E)p —~ —(oP)E — C-pViB . |
(0H)p —(op)m — c
(0G)y  —(Op)c — =5
(0F),  —(0p)rF — -5-pVpB
(V)  —(8T)v — Vk
(08)r - —(0T)s — Ve
( OE)p (0T — TVE—-pVk
( 8H)r —(8T)m — V-V
(8G)r —(8T)e — -V
( 8F)T P '—(8T)F — T —pVk . : .
(88)y = —(0V)s — V262 —VCk/T ’ -
(8E)v ~(0V)E — - TV262 -VCk- C
( 6H)v —~(V)x — TV?82 —VCr — V23 :
(8G)y = (8V)g — SVk-V23
(0F)y ~ —(8V)F — SVk
(8E)s -(08)g — pV?p* — pVCr/T
(0H)s —(85)u — -Ve/T y
(6G)s —-(8S)a —  8SVg-VC/T . :
" (8F)s  —(89)r — pV23%:+ SVB —pVCrk/T
(6H)g —(8BE)n — - pV2B4pVCk-VC - pTV?3?
(8G)s  —(8E)e — pV2B+TSVB-VC —-pSVk
(8Fg —(BE)r — pTV?p2 — pVChk-
(0G)g —(8H)¢ — TSVB-VC-VS
(8F)yr . —(BH)F — (TVB-V)(S +pVB) —pV&
(8F)¢ —(8G)F —  pSVk-SV -pV33

*In this table C' = Cp, 8 = By, and & = k7.

which shows that § = C /3

Exercise 6.14 In Section 6.11 it was shown how an arbitrary partial derivative
. involving the variables p, T, S, V, E, F, H, G, and u could be transformed into
an expression involving p, T, and the five: “handbook functions,” S, V, Cp, B,, and
kp. In 1941, P. W. Bridgeman (Physical Review, 3, p.273) published a table that
allows the results of such a calculation to be written down immediately. The table. ‘ -
is reproduced as Table $6.2, and its use is illustrated by two examples.

G\ @Gy _ SVRr -V . Ser g
(ap)v (@) V5 R (569
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vand

(FF) 6P _=S-pV S
8V/ie  (OV), VB, VB

That is, we first replace the partial derivative (8z/8y), by a fraction made up of
the mathematically meaningless symbols (8z), and (y),. We look up each symbol
in the table (it will always be found either in the first column or the second, never
in both), ‘and replace it by the quantity shown in the last column. The resulting
fraction gives the value of the partial derivative in the p<T representation.

Work out each of the following partial derivatives, first using Bridgeman'’s table, |
and then using the method of Section 6.11. (a) (8F/8S),; (b) (6E/8T)e-

-p  (36.64)

Solution (a)

(OF\ | (8F),  S+pVB, -
(as) T @9, Cp/T (56.65)
To verify th1s by the method of Section 6.11, we first note that dF = —S dT ~pdV,
and thus .
' 8F éT v '
(55), = S(as) (as)  (56.66)
The ﬁr‘st‘expression is eliminated using
ory 1 T -
(_) ~ (88/8T), ~ Cp (86'67) |
The secoxid expression requires the third partial derivative ideﬁtity.
vy _(0V/oT), _ VB,
(35),, = (@8/aT), = C,/T (S6.68)

The result agrees wit_;hvBridgeman’s table. (b) By Bridgéman’s table,

N Qg) (0E)g _~pV?B, = TSV, +VC,+pSVir o
\oT/c  (6T)e v " (86.69)
=C, + pSky — VB, — TSB,

By Section 6.11, we first use dE = T'dS — pdV.

%
(3)o=(5),

Both terms on the right-hand side require the second partial’derivative identity.

—p(%)é o »(ss.70),

8S\. _ (8G/aT) '
(ﬁ)a T (8G/6’S); (86.71)

and av (8G/8T)
(ﬁ)g - (aG/aV-); (86'72)
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These are followed by use of the differential relation dG = —~S§dT +V dp, giving

(%), --s+v(5)s (e

(aa—g)T:: _50+V(%)T =1/Bp ,(86.74)

&), --s+v(@y, ™
| (&), =-5-0+7(gp)p=Her e
To transform the remaining expressions, we need the second partial derivative iden-
tity. - . . , o
(%)-S = —((—ZSS;—%);% = %’—g (56.77)

@) s

Making all the back substitutiohs verifies Eq. (S>6.68) (and gives one an appreciation

for the efficiency of Bridgeman’s table).




